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ON THE LAPLACE-POISSON MIXED EQUATION. 

By R, F. Boeden. 

Introduction. 
We designate as the Laplace-Poisson mixed equation, the equation* 

(1) fix + 1) + p(x)fix) + q(x)f(x + 1) + m(x)f{x) = 0. 

which was first studied by Poissonf, and which is analogous in form and 
in theory to the Laplace partial differential equation 

s -{- ap -{- bq -\- cz = 0. 

Poisson finds solutions in finite form by means of transformations analogous 
to those used by Laplace in solving the differential equation written above. 
These transformations put the mixed equation into equations of the same 
form, viz: 

F'(x + 1) + P(x)F'(x) + Q(x)F{x + 1) + M(x)F(x) = 0. 

When certain relations exist between the coefficients of one of the trans- 
formed equations, Poisson solves that equation by the standard methods 
of solving linear difference and differential equations of the first order, and 
then obtains the solution of the original equation by reversing the trans- 
formations. 

The remark of Poisson, that the theory of this type of equation is but 
little advanced, still holds true more than a century later. In this paper 

* The coefficients p(x), q(x), and m(x) are analytic functions of the real or complex* 
variable x. 

t Jour, de I'Ecok Poly technique, t.. 6 (1806), pp. 127-141. See also Lacroix, "Traits 
du Calcul," 3d ed., Vol. 3, pp. 575-600, for the work of Poisson and other early investigators 
in the field. Other papers on mixed equations are the following: Vernier, Ann. de Math., 
13 (1882), 258-267; Gregory, Cambridge Math. Jour., 1 (1839), 54; Boole, "A Treatise on 
the Calculus of Finite Dififerences" (1860); Walton, Quart. Jour., 10 (1870), 248-253; 
Combescure, Ann. Ec. Nor. Sup. (2), 3, (1874), 305-362; Cesftro, Nouv. Ann. (3), 4, (1885), 
36-41; Laurent, "Trait6 de Analyse" (1890), Vol. 6, 234-236; Lemeray, Edinburgh 
Math. Soc. Proc. (1898), 13-14; Lecornu, Bull, de Soc. Math, de France, 27, (1899), 153-160; 
Oltramare, Assoc. Fr. Marseille, 20 (1891), 66-82; Oltramare, Bordeaux Assoc. Fr. Bull., 
24 (1899), 175-186; Oltramare, "Calcul de Generalisation" (1899); Brajtzew, Moscow Coll . 
(1901); Pincherle, Bendiconti Pai., 18 (1904); Pincherle, Mem. Soc. ItaMana d. Sc. (3), 
15(1907); 'M.&ssasx, Schweiz. Bauzeitung., 54:', Polussuchin, Zurich Diss. (1910); Schmidt, 
Math. Ann., 70 (1911), 499-524; Bateman, Proc. 5th Int. Cong.. Math., Vol.'l (1912), 
291-294; Haag, BuM. de Soc. Math., 36 (1912), 10-24; Sehurer, Ber. Gew. Wiss. Leipzig 
(1912), 167-236; (1913), 139-143; (1914), 137-158; Carmichael, Am. Jmtr., 35 (1913), 
151-162; Bennett, Ann. of Math. (2), 18. 
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258 Borden: On the Laplace-Poisson Mixed Equation. 

the elementary theory of the equation is extended along lines initiated by 
Poisson. Most of Poisson's results are incidentally included, but the work 
is from a different point of view, and the formulas obtained are more explicit, 
since their explicit forms are needed in the development of our further 
results. The theory of the invariants under the group of transformations 
f{x) = v{x)g{x) is developed along the same lines as is the corresponding 
theory of the Laplace equation.* Largely the same methods are used, the 
analogy being very close. The results are summarized below by sections. 

I. The functions 

'm>{x) 'p'jx) mix) 

form a fundamental set of invariants under the group of transformations 
f{x) = v(x)g(x), which transformations do not change the form of the equa- 
tion. 

II. When one of the fundamental invariants is zero the equation is of 
such nature that it may be obtained by differentiating a difference equation 
or else by applying the difference operation to a differential equation. 
That is, it may be solved by integrating first a linear differential [difference] 
equation and then a linear difference [differential] equation. These solu- 
tions each involve an arbitrary constant and an arbitrary periodic function 
of period one. 

III. The Laplace-Poisson transformations 

(S) fs^x) = fix + 1) + p(x)fix) and (T) U,(x) = f'{x) + q(x - l)f(x) 

leave the form of the equation unchanged. The invariants of the equation 
gotten by applying S or T are simply expressible in terms of the invariants 
of the original equation. The two transformations are, in a sense, inverses 
of each other; for the application of both in either order to (1) gives an 
equation with the same invariants as (1). Successive applications of 8, 
or of T, give equations of the same type, whose invariants can be expressed 
in terms of the invariants of the preceding equations under the successive 
transformations, and therefore in terms of the invariants of the original 
equation. 

IV. The solutions of the equations obtained by successive applications 
of S or r may be obtained in terms of the solution of the nth. transformed 
equation. In particular, the solution of the original equation may be thus 
obtained. 

V. The term rank of the equation is introduced in accordance with the 
nomenclature of the corresponding theory of the Laplace partial differential 

* An exposition of the theory of the partial differential equation s + ap + bq +cz = 
may be found in Forsyth's "Theory of Differential Equations," Vol. 6, pp. 44-96. 
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equation.* The mixed equation is said to be of finite rank when a finite 
number of appHcations of S, or of T, results in an equation with a vanishing 
invariant. The equation can then be solved in finite form, and an arbitrary 
part of the solution can be so chosen that quadratures of arbitrary functions 
are not involved. The equation is said to be of rank n + 1 of the first 
kind when n applications of /S give an equation with a vanishing invariant. 
This is a necessary and sufficient condition for a solution of the form 

fix) = Eo{x)F{x) + Ei(x)F'(x) + ■••+ En{x)F^^\x), 

where the E's are determinate functions and F{x) is an arbitrary periodic 
function of period one. The mixed equation is said to be of rank n + 1 
of the second kind when n applications of T give an equation with a vanish- 
ing invariant. In this case, the solution without quadrature of arbitrary 
functions is a determinate function of x multiplied by an arbitrary constant. 
VI, VII. The restrictions on the coefficients of the mixed equation in 
order that it be of finite rank of the first kind or of the second kind are found. 

VIII. When the equation is of finite rank with respect to both S and T, 
it is said to be of doubly finite rank. The restrictions on the coefficients 
of such an equation are found. 

IX. Generalizations of the Laplace-Poisson transformations analogous 
to the transformations used by Levyf in connection with the Laplace 
differential equation are here tried with a result similar to that found 
by L6vy, viz: that they are not generally useful in obtaining an equation 
of the type (1) with a vanishing invariant.f 

I. The Invariants of the Equation. 
The equation! 

(1) fix + 1) + vWix) + q(x)f(x + 1) + m(x)f(x) = 
is put by a transformation of the group 

fix) = v(x)g{x) 
into the form 

(2) g'jx + 1) + P{x)g'(x) + Q{x)g{x + 1) + M{x)g{x) = 0, 

* Forsyth, 1. c, p. 60. 

■f Journal de I'Ecole Polptechnique, t. 38 (1886), p. 67. 

t See Forsyth, I.e., p. 94. 

§ We shall develop the theory only for the case when p(x) is not zero. When 
p(x) = 0, 1(x) and J{x) are illusory and a(x) and fi{x) are each equal to m(x). It may be 
readily seen by following through this paper that the case p{x) =0 can be carried, but the 
conditions for solutions here developed become simply m{x) =0 when p(x) = 0, and the 
equation is then not a true mixed equation. 
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where 



and 



Pix) = p(x) ;^^-^-^ , Q{x) = ^^^j^ + q(x), 



v(x +1) ^ v(x + 1) ' 



The form of the equation is therefore unaltered by the substitution. By 
eliminating v{x) in two ways from the relations between the coefficients of 
(1) and (2), we may obtain 

p{x)lM{x) - P{x)Q(x) - P'(x)2 = P(x)lm(x) - p{x)q{x) - p'{x)J 
and 

p(x)lMix) - P(x)Q(x - 1)] = P{x)lm{x) - p{x)q{x)l)J 
Hence 

mjx) p'ix) 
I{x) — — r^ — q(x) irr- 

and 

mix) 

are absolute invariants of the equation (1) under the group of transforma- 
tions /(a;) = v{x)g(x). We shall find it convenient to use also the relative 
invariants 

a{x) = m(x) — p{x)q(x) — p'ix) and j3(a;) = m{x) — p{x)q(x — 1). 

These functions are each multiplied by v(x)/v(x + 1) at each application 
of/(a;) = v(x)g{x). 

We will now show that I{x) and J{x) form a fundamental set of invar- 
iants of the equation (1); i.e., that all invariants of (1) under /(x) = v(x)g(x) 
can be expressed as functions of I{x) and J(x) involving only algebraic 
operations, the operations of the differential calculus and the difference 
calculus and their inverses. 

We will choose v{x) in the transformation f{x) = v{x)g(x) so that the 
equation (1) will be put into the form (2) subject to the restriction 

Pix)Qix) = Mix). 
This condition reduces to 

«1^+T) 'J'^^^^^^^ - '"^^^^ = P^^^ Tx Lk^+T) J ' 

whence we may take 



«(-) _x^^^^s^^^^ 



v(x+l) 
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This condition is also sufBcient. So, by choosing v{x) properly, we can 
transform the equation (1) into the form 

g'{x + 1) + P{x)g'{x) + Q{x)gix + 1) + Pix)Q{x)g{x) = 0. 

The I and J invariants of this equation are 

and 

J{x) = q{x) - Q{x - 1) = AQ{x - 1). 
Accordingly 

— I I(x)dx 
P{x) = ce -^^ 
and 

Qix) = SJ(x + 1), 

where S denotes some particular finite integral. Hence the transformed 
equation is 

(3) g'{x + 1) + r '^"^o^^''^'^'' g'ix) + SJ(x + l)^(a; + 1) 

- flixjdx 
+ e ''^ SJ(x + l)g{x) = 0. 

This is of the same form as the original equation (1), and is derived from 
(1) by a transformation of the group /(a;) = v{x)g{x). Therefore (3) has 
the same invariants as (1) under transformations of the type considered. 
Since the invariants are functions of the coefiicients alone, it follows that 
all the invariants of (3) are expressible in terms of I{x) and J{x) only. 
We shall refer to I{x) and J{x) simply as the invariants of the equation. 

II. SoLtTTIONS WHEN One INVARIANT JS ZeRO. 

If I{x) = 0, then a{x) = 0, 
and 

m{x) = p'{x) + p{x)q{x). 

The equation may then be written in the form 

^[/(a: + 1) + p(x)f{x)2 + q{x)lf{x + 1) + pix)f(x)2 = 0, 

whence 

— I q(x)dx 
fix + 1) + p{x)f{x) = ce '^^•> 

To solve this, we first solve the homogeneous equation 

g{x +!)-[- v{x)']g{x) = 
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as follows 

log gix + 1) - log gix) = log [- p{x)2 
or 

g(x) = ^(a;)e^'"8[-P(x)]^ 

where <p{x) is an arbitrary periodic function of period one, and S denotes 
a finite integral* for some range of the variable x. 

Let f{x) = u{x)g{x) and substitute in the non-homogeneous equation. 
We get, taking (p{x) = 1, 

u(x+ i)e5i<'g[-x«+i)i _ Q_ 2,(a;)Xa;)e5io«[-pW] = ce~ -^'"^^''^ "" 

Hence 

- r g(a;)dx-Slog[-p(a;+l)] 
^(a; + 1) - M(a;) = ce ■^'^'' , 

and therefore 

ti(a;) = sLce *^^» J + i^(a;) 

where F{x) has the period one and is otherwise arbitrary. So we have 

,, ^ , ^ f - rq{x)dx--2\og[-j){x+\)]\ 

(4) /(x) = e=»''«f-^(-^Hi^(a:) + Sce •^^» si ^. -r;j|^ 

If J{x) = 0, then ^(x) = 0, and 

m(x) = 'p{x)q{x — 1). 

The equation may then be written 

fix + 1) + q(x)f(x + 1) + 2j(a;)|:/'(x) + qix - l)/(x)] = 0, 

from which we obtainf 

A log Wix) + qix - l)fix)2 = log [- pix)-], 
whence 

fix) + qix - l)fix) = 0(a;)e='"«t-^'^", 

dix) being an arbitrary periodic function of period one. Hence we have 

- rq{x—l)dx (^ S log [- p(a;)] + C q{x-\)dx 

(5) fx) = e '^^« I eix)e ^^» 

— / g(x — l)rfa; 

where K is an arbitrary constant. 

* Fix) is said to be a finite integral of G{x) if 

Fix + 1) - F{x) = G(a;). 
In this paper, the symbol S without limits of summation denotes a finite integral. When 

n 

used with limits, e.g., 2 > it denotes an ordinary summation. 

16=0 

t A denotes the difference of a function, i.e., 

A«)(a;) = vix + 1) — vix). 
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We have thus shown that when I{x) = 'iJ(x) = 0] a solution of the 
equation (1) can be obtained in finite form by solving, first a linear differ- 
ential [difference] equation of the first order, and then a linear difference 
[differential] equation of the first order. 

III. The Laplace-Poisson Teansfobmations anb the Invaeiants of 
THE Resulting Equation. 

The Laplace-Poisson transformation 

(5) Fs,(x) = fix + 1) + p(x)f(x) 
transforms the equation (1) into an equation of the same form, viz : 

(6) fs^ix + 1) + Ps^i3:)fs^(x) + qs^{x)fs,(x + 1) 4- ms,ix)fg,{x) = 0, 

where 

. a{x+l) ,,J(^+i) 

Psii^:) = p(.x) ,. = pix + 1) • 



and 



a(x) ^^"^ ' ^' I{x) ' 

qsiix) = q(x + 1), 

ms,{x) = p{x + l)qix) ^^]^^^^ + pix + l)Iix + 1). 



The invariants of (6) under the group fsiix) = v{x)g(x) are 

ms,(x) , ,, 

= qix) + I(x) - qix) 
= Hx). 
and 

= ,(.) + lix) - qix -h 1) - ^1^ - A Alog /(.). 
If we add and subtract m(x + l)lp{x + 1), we get 

Is,(x) = lix +1) + m - J{x + 1) - A^log I{x). 
Under the Laplace-Poisson transformation 
(T) fr^ix) = fix) + q{x - l)S{x) 

the equation (1) becomes 

(7) frSx + 1) + PTSx)f'T,{x) + qTSx)fTtix +1) + m,TSx)fT,{x) = 0, 
in which the coefficients may be reduced to the following forms: 

pr^ix) = pix), 

,, , ,, J'ix) p'ix) 
<lnix) = qix-l)-^^^-j^y 
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and 

j'(x) 
mr^{x) = 'p{x)J{x) + 2)(a;)g(a; - 1) - fix) -~. 

J[X) 

The invariants of (7) under the group /(a;) v(x)g{x) are 

= Jix) 
and 

= Jix) + ,(. - 1) - -^+ ^^^+ |^_ ,(, _ 2). 

If we add and subtract m(x — l)lpix — 1), we get 

J nix) = J{x) + J{x - 1) - I{x - 1) - A^ log J{x - 1). 

Hence we see that the transformations S and T each transform the equa- 
tion (1) into an equation of the same form, the invariants of which may be 
simply expressed in terms of the invariants of (1). 

The two transformations S and T are, in a sense, inverses of each other; 
for T8 gives 

/re(«) = fkix) + qix)fsSx) 

= fix + 1) + vix)fix) + v'ix)fix) + qix)fix + 1) + pix)qix)fix) 
= Ijp'ix) + pix)qix) — mix)']fix) 
= - pix)Iix)fix) = - aix)fix), 

and Sr gives 

fsiix) = /r,(a; + 1) + p(a;)/ji(a;) 

= fix + 1) + qix)fix + 1) + p(a;)/'(a;) + 2)(a;)g(a; - l)/(a;) 
= \jpix)qix - 1) - m(a;)]/(a;) 
= - vix)Jix)fix) = - Kx)fix). 

Hence the equations restdting from applications of TS and ST have the same 
invariants as has the original equation. Furthermore we may transform the 
equation (1) into itself as follows. Apply rS[5^r]. The resulting equation 
is that obtained by replacing fix) in (1) by a(a;)/(a;)|j3(a;)/(a;)]. Then the 
transformation fix) = gix)/aix)\Jix) = gix)/^ix)'] brings us back to the 
equation (1). 

Let IsSx) and Js„ix) be the invariants of the equation obtained by n 
successive applications of 8. Then we have 

JsSx) = Is„-iix), 
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and 

IsS^) = Is^^ix + 1) + IsU^) - Js^{x) - A^log Is^M)- 
So we can write 

hS^) - h^^ix + 1) - Is^,{x) + 7^„,(a; + 1) = - A^log Is^,{x) 

lU^) - hU^ + 1) - Is^,{x) + 7^^(a; + 1) = - A^log Is^{x) 



IsSx) - I{x + 1) - I{x) + J(a; + 1) = - A^log I{x). 
Adding these, we get 
hSx) - Is,Jx+l) = I{x) - J{x+l)-^^\og[I{x)Is,{x) ■ ■ • Is„Jx)J 

Write this for w, n — 1, n — 2, • • • successively, and add 1 to the argument 
at each step. We then have 

Is^i^) - IsUx -1- 1) = I(x) - J{x + 1) - A^log imis^ix) • • • Is^{x)2 
IsU^+l)-Is^,(x + 2) 

= I(x + 1) - Jix + 2) - A^log iKx + 1) . . . Is^,ix + 1)] 



Ig^ix + n — 1) — lix + n) 

= I{x + n — 1) — J(x + n) — At- log I(x+ n— 1). 
Adding, we get 

IsSx) - Iix + n) = T, I(x + k)-'EJ{x + k) 
*=o *=i 

-A~log[Ujix + k)Uls.{x + k)-..I,^{xn 
or 

(8) isSx) = m + i: iiix +k)- j(x + k)2 
*=i 

- A;^log TllKa; + k) lih^ix + k) fl J(a; + k) ■ ■ • 7«^(a;)]l. 
U"*- L*=o *=o *=o J 

Also 

<9) Js (x) = Is^,ix) = lix) + T,U(x +k)- J(x + k)2 

-A^log\lllix + k)l[l^{x + k)---Is^ix)]. 



266 Borden: On the Laplace-Poisson Mixed Equation. 

If Iy„(a;) and JtS^) ^^^ the invariants of the equation obtained by 
applying T n times, we have 

and 

JtS^) = Jr^xi^) + Jt^M - 1) - 1t„_,{x - 1) - A^log J^v-iCa; - 1). 
So we may write 

JtS^) - Jr^iix - 1) - JT^,ix) + Jt^(x - 1) = - A^log JtJ,{x - 1) 

JtJ~x) - JtJso - 1) - Jt^,{x) + Jt^{x - 1) = - A^log Jr^,(a; - 1) 



JtXx) - J{x - 1) - J{x) + I(a; - 1) = - A^log J{x-l). 
Adding these, we get 
JtS^) - JtJ^x - 1) = J{x) - I{x - 1) 

- A £ log [_J{x - DJ^ix - 1) . . • Jr^,ix - 1)]. 

Write this ioi n, n — 1, n — 2, • • • successively, subtracting 1 from the 
argument at each step. We have then 

JtS^) — Jr^iix — 1) = Jix) — I{x — 1) 

- A^logC/(a;-l)J^,(a;-l)- . •/r^.Ca;-!)] 
JT^^ix - 1) - Jt^S.x - 2) = J{x - 1) - I{x - 2) 

- A^logCJ(a;-2)Jr,(a;-2). • • Jr^,(a;-2)] 



JtSx — n + 1) — J{x — n) = Jix — n + 1) — I(x — n) 

-A^log[J(a;-n)]. 
Adding these, we get 

«— 1 n 

JtSx) — Jix — n) = '^ Jix — fc) — 53 /(a; — k) 
*=o *=i 

- A^log[n^(a; - k)UJn(x - k) ■ ■ ■ J ,Jx - 1)], 

and therefore 

(10) Jrlx) = Jix) + E [J'Ca; - A;) - I(a; - fc)] 

- A^log [n/(« - k) H- J'.iCa: - A;) • • • Jr„..(a; - 1) ]. 
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Also 

(11) i^s^) = j^^,{x) = j{x) + E u{^ - ^) - nx - m 

-A^jog[nj(x-k)iijn(x - k) ■■•Jrax-i)]- 

So we have the result that after n successive transformations of the 
equation (1) by S^f], we arrive at an equation whose invariants can be 
expressed explicitly in terms of the invariants of (1) and the invariants of 
the intermediate equations obtained by 1, 2, 3, • • •, n — 1 applications of 
S^f], and hence in terms of the invariants of the original equation. 

IV. Solutions op Successively TBANsroEMEo Equations. 

After ?i+ 1 applications of S the new dependent variable is f$„+i(x). 
Operate with T and call the resulting dependent variable fs„^i j,(x). 
We have then 

fs„Ax) = fsSx + 1) + psSx)fsSx), 

fsn+1, tS^) = fLM) + q^^^ix - l)/^,.(a;) 
= - VsSx)J^sSx)fsSx)- 

Multiplying by exp I q{x + n)dx , and remembering that 

g^,(a; - 1) = qipo + n), 



we have 



and therefore 



d r r'qix+n)dxl f q(x+n)dx 

^ [U.^(x)e'^^ J = - psSx)IsSx)fsSx)e'^^ 

fore 

Jq{x+n)dx _ 1 d V J q(x+n)dx~[ 

'■^»^'')' "^ = PsSx)IsSx) Tx L-^^-'^''^' "" J • 



Since 

J 'a; (*x 

q{3>+n)dx I [q(x+n}—q(x+n—l)+q(x+n—l)]dx 



= e 



Jq(x+n—l)dx I Aq(x+n—l)dx 



= e 



We may write 



where 



and 



/.w/«'"^-""=Af-, 



An — 



Bn = Art(a;)e' 



JAq(x+n—l)dx 
.. Xo 

- Ps„ix)IsSx) 

Jq(x+n)dx 
. Xd 
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Then we have 

(12) 






where the successive ^'s are gotten by replacing n in ^„ by n — l,n— 2, 
w — 3, • • •, 2, 1, 0, if we agree that fsS.^) = ■p{x) and IsS.x) = I{x). 

In a similar way we can get an expression for f{x) in terms of frS^)) 
the dependent variable after n applications of T. The {n + l)th applica- 
tion of T gives 

/r„+.(a;) = frSx) + gy„(a; - l)/r„(a;). 

Then, operating with 8, we get, since py^^/a;) = j)(a;), 

frn+i,sS^) = "^^-(^ + 1) + PCa'Vr^.Ca;) 
= - 'p{x)JTSx)fTj,x). 

We want to find a quantity x(a;) such that 

X(a;)[^r„«(a; + 1) + p(a;)/^^.(a;)] = A[/^„,.(a;)^(a;)]. 

We may then take 

Xix) = rl^ix + 1), 
and 

'p{x)V(x) = — ^(a;). 

These two conditions give 
Then we have 

Xix) = f(x+ 1) = e-21o«C-iKa;+l)]. 

So we write 

whence 

and therefore 
where 

c - -^ 



2)(x) Jr„(a;) ' 
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and 

Dn = fT.^{x)e-^""'-'''''^ 
Then we have 

fTU^)e-^""^-'^''^'^^ = C„_iA(C„AZ»„) 



(13) f{x)e-^ ">' i-^(^+i'3 = CoA { CiA[ • • • A(C^D„)] } , 

where the C's are gotten by replacing n in C„ by n — 1, n — 2, • • • , 2, 1, 0, 
if we agree that Jroi^) = J{x). 

Now we have expressed the solution f(x) of the equation (1) in terms 
of /«„(a;)C/r„(ir)], the solution of the wth transformed equation under 
;S[r]. We have seen that we can find /5„(a;)[/r„(a;)] if 7«„(a;) = 0[7yja:) = 0] 
or if J«„(a;) = C«^r„(a;) = 0], and these solutions will be in finite form, 

V. The Rank or the Equation. 
Suppose IsS^) — 0. The equation may then be written in the form 

£ UsS^ + 1) + PsS^)fsS^)l + qsSx)UsS^ + 1) + PsS^)fsS^)l = o, 

which, as may be seen from § II, has a solution of the form 

where F{x) has the period one and is otherwise arbitrary, and where c is 
an arbitrary constant. 

I q(x + n— l)dx 
As before, denote e "" fsS^) ^y -Sn-i- Then this expression 

is seen to be of the form 

5^1 = ^{x)lF{x) + c^m'], 

where 7j(a;) and i{x) are determinate functions of x. Making use of a 
previously derived formula, viz : 

(12) e-^. /(-) = ^o^p^5sL"-5^r"^^vJ}' 

we get an expression for f{x) of the form 

fix) = Eo{x){Fix) + cmx)} + Ei(x){F'(x) + [cS«a;)]'} 

+ E,ix)lF"(x) + CcS^(a;)]"} + • • • 

+ •••+ ••• 

+ . . . + E„(x){F^-Kx) + CcS^(a;)](''>}, 

where the E's are determinate functions of x. 
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Taking the particular integral for which c = 0, we have a simpler 
integral which does not involve S{(a;), viz: 

(14) fix) = Eo(x)F(x) + Ei(x)F'(x) + ■•■+ En{x)F^-->{x). 

We will call this an integral of rank n-\- \ oi the first kind. We will call 
the original equation of rank n + 1 of the first kind when /s„(a;) — 0* 
and /sj(a;) + 0, where k takes the values 0, 1, 2, • • • , w — 1. 
Conversely, if the original equation 

(1) fix + 1) + vi^)n^) + ii.^)fi« + 1) + 'ni{x)j{x) = 

has a solution of the form (14), where the E's are determinate functions of 
x, and F{x) is an arbitrary periodic function of period one; then after at 
most n applications of the transformation S, we will have an equation of 
which the I invariant is zero, i.e., 

IsJ^x) = 0, (m ^ w). 

To show this, substitute in (1) the expression for /(a;) in (14), remembering 
that 

F{x + m) = F{x). 
We then have 

K{x+\)F{x)-^Eo{x+l)F'{x)-\- ••• +K(a;+l)i^(''Ka;)-+^™(a;+l)J'("+"(a;) 

+ f{x){E',{x)F{x)+Eo{x)F'{x)+^- ■ ■ E:(x)F^-Hx)+Enix)F^''+'Kx)-] 
+ qix)lEo{x+l)F(x)+Ei(x+l)F'ix)+ •••+£„(«+ l)i?'("> (a;)] 
+m(x)lEo(x)F(x)+Ei(x)F'(x)+ • • • +E„(a;)F(">(a;)] = 0. 

which may be written in the form 

Kr^i{x)F^-+'Kx) + Kn(x)F^''Kx) + Kn-x{x)F^^'-\x) + • • • = 0, 
where 

Kn+l{x) = Enix + 1) + V{x)En{x), 

Knix) = Er^iix + 1) + p(x)E,^iix) + E'^ix + 1) + p(x)EUx) 

+ q(x)E„(x + 1) + m(x)En(x), 

Kn-l{x) = Er^^ix + 1) + vix)Er^li^) + E'^_r{x + 1) + p{x)E:_,{x) 

+ q{x)Er^x{x + 1) + m{x)E^x{x + 1), 

and so forth. All of these K's must be zero since f{x) satisfies the equation 
(1) for all values of F{x). Hence 

En{x + 1) = - V{x)En{x), 

and 

Er^rix + 1) = v{x)Er^x{x) = ■^\jp(.x)E„{x)2 - p{x)E:(x) 

+ p{x)q{x)E„(x) - m{x)E„(x) 
= p'{x)E„ix) + p{x)qix)En{x). - m{x)E„(x) 
= - p{x)Iix)En(x). 
* Note that if Js„{ic) = then Is^iix) = 0, as may be seen by referring to § III. 
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Applying the transformation S tof(x), we have 

fMx)=f(.x+l) + p{x)f{x) 

= Eoix + l)Fix) + Ei(x + l)F'(x) + •" +En(.x+ l)F^"\x) 

+ pix)lEo(x)Fix) + Ei(x)F'(x) + ■■■+ E,,ix)F^»\x)2 
= lE„(x + 1) + p{x)En(x)y(-Kx) 

+ lEn-i(x.+ 1) + p{x)E,^iix)y^-^Kx) + ■•• 
= - p(x)I{x)F^''+^Kx) + ••-. 

We see that the order of the transformed expression in F(x) is less than 
before. Repeat the process, reducing the order each time, until we get 
one of the invariants Ik(.x) zero, or else we get a new dependent variable 

fs^ix) = Rix)Fix) 
which satisfies the equation 

f's^ix + 1) + Ps^ix)fs^{x) + qs^{x)fs^(x + 1) + ms^{x)fs^ix) = 0, 
or 
R'(x + l)F(x) + R{x + \)F'{x) + ps,(x)lR'{x)F{x) + R{x)F'{x)-] 

+ qs^{x)R{x + l)F(x) + ms^{x)R(x)F{x) = 0. 

This equation is an identity in F(x), so the coefficients of F{x) and of F'(x) 
must be zero. Setting the coefficient of F'{x) equal to zero, we get 

Rjx+l) 

P'^'^^^-^ixT- 

Putting this into the coefficient of F(x) set equal to zero, we have 

R'^^ + 1) - ^^''"^(t)^'^''^ + 9s,ix)R{x + 1) + ms^(x)R{x) = 0. 
Forming the invariant Is^(x), we have 
p{x)Is^ix) = ms^ix) — ps^(,x)q(x) - p's^{x) 

_ R(x + l)R'ix) _ R'{x + 1) _ R(x + 1) 

R'(x) R(x) ^^^^^ R{x) 

R(x + 1) , R(x)R'(x + 1) - R(x + l)R'(x) 



+ QsA^) ' 



Rix) ^ R{x) 



which is identically zero. Hence we see that Is (x) = is a necessary 
as well as a sufficient condition for a solution of the form 

(14) fix) = Eo(x)F{x) + Eiix)F'ix) + ■■• + En{x)F^^Kx). 

Suppose that JtJ,x) = 0* and JtJ^x) =|= 0, where k takes the values 
0, 1, 2, 3, • • •, n — 1. The equation in/r„(a;) can then be written 

* Note that if ItJx) = 0, then Jt^i(x) = 0, as may be seen by referring to § III. 
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frS^ + 1) + qT„(a:)fTS^ +!)-[- 2'(a;)][/r„(a;) + gr„(a;)/r„(a;)] = 0, 
which, as was shown in § II, has a solution of the form 

. . s ~ r^T„{x-l)dx ("^ Slog[-p(a;)]+ fqTSx-Ddx 

US^) = e -^^ d{x)e •^^» 

„- f qT„(x-l)dx 

where d(x) is an arbitrary function of period one, and K is an arbitrary . 
constant. We will write for the sake of brief notation 

We have already developed the formula 

(13) e-2iog[-^wy(^) ^ CoAfCiAC- • • A(C^P„)]}. 

In our present case 

D„ = e^WF(a;) and C„ = ~^ 



P(x)JT^^ix) ' 
Then /(a;) takes the form 

(15) fix) = WoixWix) + Wi(x)V(x + 1) + • • • + WnixWix + n), 
where the W's are determinate functions. Choosing dix) = 0, we have the 
simpler integral 

fix) = K[Woix) + Wrix) •■• + Wnix)2. 
or 

fix) = KWix), 

where Wix) is a determinate function and K is an arbitrary 'constant. 

The solution (15) we will call of rank n + 1 of the second hind, and the 
equation for which Jj.„(a;) = 0, and J^i^) 4= 0, where k takes the values 
0, 1, 2, 3, • • •, n — 1, we will also call of rank n + 1 of the second kind. 
In this paper, we will be concerned with the rank of the equation rather 
than with the rank of the solution. 

VI. Equations of Finite Rank of the First Kind. 

Suppose the equation (1) is of rank n- + 1 of the first kind. We then 
have 

<XsS^) = 'msS^) - PsS^)lSn(^) - P'sM = 0- 

If Ps„(a;) and qs„i^) are chosen arbitrarily, msjix) is defined by this equa- 
tion. Using the expression for rngjix) thus defined, the invariant 

becomes 

Jsnisc) = ^IsS^) + ^log2)s„(a;). 
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We have proved that 

L 1^ _L r. r^\ _ T /-v.^ _ a^ , 

dx 



Is^J^) = hjx + 1) + Is^x) - Jsjx) - At- log /^^(a;), 



and 

from which we get 

Js^_,(x) = Js^(x + 1) + Js^{x) - Is^{x) - A^log Js^(x). 
Therefore, since /«„(a;) = 0, 

Js„_,(x) = Jsn(x + 1) + Js„ix) - A^log Js„(x). 

So we can now calculate the coefficients in backward succession. 
Since qs^^S-X) = qsjx — 1), we have 

Also we have 



or 



also 



, s Jsnix)Js„_,(X + 1) 



. , . _ , Jsnix)Js„.,(x +!)••• JsxJx + n- 1) 
nx -tn)- p,Ax) j^^^^ ^ DJs^Jx + 2) . . . Js,(x + n) ' 

Reducing the argument by n, we have 

(._ , _ - JsJyX - n)Js,_,(x - n+1) • • • Js,{x - 1) 
nx) - Vs.{x n) j^^^ _^^ l)Js„_,{x - n + 2) . . . Js,{x) ' 

Also we have 

m(x) = 'p{x)q{x) + ip'ix) + 'p{x)I{x) 
= 'pix)q{x) + 'p'ix) + p(x)J«.(x), 

or we may use the form 

mix) = f{x)q{x — 1) + f{x)J{x). 

Thus we have developed the restrictions upon the coefficients of (1) 
which must exist if (1) is of finite rank of the first kind. That these condi- 
tions are also sufficient, may be seen by reversing the steps of the discussion. 
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VII. Equations of Finite Rank of the Second Kind. 

Suppose the equation (1) is of rank » + 1 of the second kind. Then we 
have 

^r„(a;) = MtM - PT„(a;)gT„(a; - 1) = 0. 

Hence if pT„ix) and qrS^) are arbitrarily given, thtS^) is determined. 
We have already found 

JtS^) = Jt„.S.x) + Jt„_Sx - 1) - It,_Sx - 1) - a ^ log It,_^{x - 1), 
and 

From these we get, remembering that /r„(a;) = 0, 

)- 

Pt.{x) 



ItM = Jt.Jx) = ^-^- ItM - ^^ 



= - ^qTS.x - 1) 

VTn{x) 

Now we can calculate the coefficients in backward succession. We 
have seen that 

vi^) = VtM- 
We also have 

rt„/■'v^ = «„ i''^ _ 1^ _ _ 

dx 



1 

qiM = qr^Jx - 1) - T-log[J"r„_,(a;)p(a;)], 



whence 

qr^Jx - 1) = qrM + ^ log U T,Jx)pix)2. 
Hence it follows that 

QfSx - 2) = qrM + ^ log IJt,Jx)Jt„Jx - l)p{x)pix - 1)], 
q{x-S)= 

qix -n) = qrSx) + ^ log [/r„_, W ••• J{x- n)p{x) • ■ • p{x - w)]. 
Increasing the argument by n, we have 

?(«) = ^j-nC^ + n) + ^log IJt„Jx + n) ■■■ J{x)p(x + «)••• p{x)J 
or 

g(a;) = gr„(a; + n) + ^log [7r„(a; + n) • • • /n(^)2'(« + n) ••■ p{x)J 

To determine m,(x), we have 

m(a;) = p(x)q(x — 1) + p{x)J{x), 
or 

m(a;) = p{x)q(x — 1) + p(a;)Iy,(a;). 



BoEDEN: On the Laplace-Poisson Mixed Equation. 275 

Thus we have found the restrictions on the coefBcients of (1) which 
must hold if (1) is of finite rank of the second kind. By reversing the steps 
of the discussion we may see that these conditions are also sufEcient. So 
we now have the necessary and suflScient conditions that (1) shall be of 
finite rank of either the first or the second kind. 

VIII. Equations of Doubly Finite Rank. 

The equation (1) is said to be of doubly finite rank when it is of finite 
rank with respect to both S and T. Suppose it is of rank fc + 1 with respect 
to T, and of finite rank with respect to S. Transforming it k times by T, 
we have, since J^tix) = 0, 

(16) fj.^{x + 1) + p(x)fT^(x) + qT,{oc)fT,{x + 1) + v{x)<1t,{x " l)/n(^) = 0- 

This equation is also of finite rank with respect to 8. Suppose thatrank 
is r + 1. We wish to see what restrictions are then imposed upon the 
coefficients ^{x) and qmi^)- 

First, apply the transformation 

fn(x) = v{x)h{x), 

which does not change the rank. We will choose vix) so that the coefficient 
of h{x + 1) in the new equation shall be zero. This requires that 

v'ix + 1) 



v(x + 1) 
whence 



- ItS^), 



v(x) = e '''^ 



h'ix + 1) + p{x) ^^^^ h'{x) = 0, 



The equation then becomes 

h'{x + 1; 

which may be written in the form 

(17) h'ix + 1) + p(a;)e-^^ h'{x) = 0. 

This equation, being of rank r + 1 with respect to S, has a solution of the 
form 

hix) = Eo{x)Fix) + Ei{x)F'ix) + h Er{x)F^'\x), 

where F{x) is an arbitrary function of period one. Then h'{x) has the form 

h'ix) = Zoix)Fix) + Ziix)F'ix) H + Zr+iix)F'-'^^>ix), 

where 

Zoix) = E'.ix), Z^ix) = Eoix) + E[ix), 
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Substitute this value of h'{x) in (17). Since it must satisfy (17) identically, 
we have the relations 

(18) Zi{x + 1) - R{x)Zi(x) = 0, 

where R{x) is the negative of the coeflBcient of h'{x) in (17). 

Let Z{x) be any particular solution of (18). The other solutions may 
then be expressed in the form 

Zi{x) = Wi{x)Z{x), 

where the functions Wi(x) have the period one. In particular 

Zoix) = Wo{x)Z{x) = Eo{x), 

Ziix) = Wi{xjZ{x) = Eo{x) + E[{x), 



Zr{x) = Wr{x)Z{x) = Er-l{x) + E'r{x), 
Zr+l{x) = Wr+i{x)Z{x) = Er{x). 

From these we get 

Er{x) = Wr+l{x)Z{x), 

J 

Er-l{x) = Wr{x)Z(x) — -T-[Wr+l(x)Z{x)'], 



- d — d!^ 

Er-i{x) = Wr-i(a;)2(a;) - ^Cwr(a;)2(a;)] + ^[wr+i(a;)2(a;)], 

— d — d"^ — 

Er-s(x) = Wr-2{x)Z(x) — -T-[Wr-l(.x)Z{x)'2 + T3\j«r(x)Z{x)'] 



-^[wr+i(a;)Z(a;)] 



J 

Eo{x) = Wiix)Z{x) — j-\jWi{x)Z{x)'] + 



+ ■ ■ ■ + i- ly ^,l'Wr+l{x)Z{x)2. 

Since 'Wo{x)Z{x) = E'o{x), we have 

- d — d'^''- — 

wa(x)Z(x) = ■^\jwi{x)Zix)'] - ... + (- ly ;^^\jWr+i{x)Z{x)'}, 

which may be written in the form 

(19) Z^^^Kx) + Vi{x)Z<-^\x) + •■■+ Vr+i{x)Z{x) = 0. 

The steps in the foregoing discussion are reversible. Hence it follows 
that the necessary and sufficient condition that the equation (1) shall be 
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of doubly finite rank is that 

/ s r'^\n{x-l)dx Z(x+1) 
p(x)e = — = , 

where Z{x) is a solution of (19), in which the coefficients rjiix) involve the 
arbitrary periodic functions Wi(x) as shown above. 

IX. The Analogites op Levy's Transformations. 

In this section we consider generalizations of the Laplace-Poisson 
transformations, and investigate their usefulness in obtaining equations 
with vanishing invariants. These transformations are analogous to those 
applied by L6vy* to the analogous partial differential equation. They are 

Oix) = fix + 1) + Ifix) + y{x):\fix) 
and 

H{x) = fix) + Iqix - 1) + 5{xmx). 

As the results are of a negative character, we shall merely state them 
without proof. 

In case of the first transformation, the transformed equation cannot 
have a vanishing J-invariant unless we have J(x) = from the original 
equation. The transformed equation cannot have a vanishing /-invariant 
except in very special cases. 

In case of the second transformation, the transformed equation cannot 
have an I-invariant equal to zero unless the original equation gives I{x) = 0, 
and the J-invariant of the transformed equation cannot be zero except in 
very special cases. 

So we have the result that the two transformations investigated in this 

section are not generally useful in obtaining an equation with a vanishing 

invariant. 

Univbrsitt of Illinois, 
May, 1918. 
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